Consider a Rabin tree automaton A = S, s 0 , T, Ω over the empty alphabet, and let π be a successful run of A.
Let A ∩ = S, I, T, F where:
• S = S 1 × S 2 × {0, 1, 2}
• I = I 1 × I 2 × {1}
• for any s, s 1 , s 2 ∈ S 1 , s ′ , s ′ 1 , s ′ 2 ∈ S 2 , a, b ∈ {0, 1, 2}:
(s 1 , s 1. if a = 0 or (a = 1 and s ∈ F 1 ), then b = 1 2. if (a = 1 and s ∈ F 1 ) or (a = 2 and s ∈ F 1 ), then b = 2 3. if a = 2 and s ∈ F 2 , then b = 0
• F = S × S × {0}
Emptiness of Büchi Automata
Let A = S, I, T, F be a Büchi tree automaton where F = {s 1 , . . . , s m }, and π : {0, 1} * → S be a successful run of A on the tree t ∈ T (Σ).
For any s ∈ S, and any u ∈ {0, 1} * , let
By König's lemma, d π u is finite for any u ∈ {0, 1} * .
If π(u) = s, let t π s be the restriction of t to d π u . Let
Conversely, expression above denotes a Büchi-recognizable tree language.
Let A = S, I, T, F be a Büchi tree automaton. For each s ∈ S let T s be the rational tree language defined above. Eliminate from S (and T ) all states s such that T s = ∅, and let S ′ be the resulting set of states.
We claim that L(A) = ∅ ⇐⇒ S ′ ∩ I = ∅.
The Complement Problem
Let Σ = {a, b}, T 0 = {t ∈ T ω (Σ) | some path in t has infinitely many a's} T 0 is Büchi recognizable.
for some m 1 , . . . m n ∈ N, and t n (p) = b otherwise. Obviously t n ∈ T 1 .
Let π be a successful run of A on t n .
For each n ≥ 2, there exists a path σ in t n and u < v < w < σ, such that
Then π = r 1 · s r 2 · s r 3 , and r 1 · s r ωs 2 is a successful run on q 1 · q ω 2 , which contains a path with infinitely many a.
Müller Automata on Infinite Trees
Definition A Müller tree automaton Σ is A = S, I, T, F , where:
• S is a finite set of states,
• I ⊆ S is a set of initial states,
, is the set of accepting sets.
A run π of A over t is said to be accepting, iff for every path σ in t:
Closure Properties
The class of Müller-recognizable tree languages is closed under union and intersection.
For union, the proof is exactly as in the case of Büchi automata. For A ∪ , the set of accepting sets is the union of the sets F i , i = 1, 2.
For intersection, let A ∩ = S 1 × S 2 , I 1 × I 2 , T, F , where:
, and
• F = {G ∈ S 1 × S 2 | pr 1 (G) ∈ F 1 and pr 2 (G) ∈ F 2 }, where:
Rabin Automata on Infinite Trees
Definition A Rabin tree automaton Σ is A = S, I, T, Ω , where:
• Ω = { L 1 , U 1 , . . . , L n , U n } is the set of accepting pairs.
A run π of A over t is said to be accepting, if and only if for every path σ in t there exists a pair L i , U i ∈ Ω such that:
Büchi, Müller and Rabin
For every Büchi tree automaton A there exists a Rabin tree automaton B, such that L(A) = L(B).
For every Müller tree automaton A there exists a Rabin tree automaton B, such that L(A) = L(B).

The Rabin Complementation Theorem
Theorem 2 (Rabin '69) The class of Rabin-recognizable tree languages is closed under complement.
The class of Rabin-recognizable tree languages is closed under union and intersection.
Emptiness of Rabin Automata
For any Rabin tree automaton A, there exists a Rabin tree automaton A ′ with one initial state such that
Given an alphabet Σ, an infinite tree t ∈ T ω (Σ) is said to be regular if there are only finitely many distinct subtrees t u of t, where u ∈ {0, 1} * .
Theorem 3 (Rabin '72) 1. Any non-empty Rabin-recognizable set of trees contains a regular tree.
2. The emptiness problem for Rabin tree automata is decidable.
Reduction to empty alphabet
Let A = S, I, T, Ω be a Rabin tree automaton over Σ, such that
, where: σ) ) iff s 1 , s 2 ∈ T (s, σ), and σ 1 , σ 2 ∈ Σ.
•
The successful runs of A ′ are pairs (π, t), where t ∈ L(A), and π is a successful run of A on t.
Regular successful runs
If n = 0, π(ǫ) = s 0 and π(p) = s, for all p ∈ dom(π), and s ∈ S non-live.
Case 1 If some live state in A is missing on π, apply the induction hypothesis.
Case 2 All states of A appear on π, and there is a position u ∈ {0, 1} * such that π(u) = s is live, but some live state s ′ does not appear in π u .
Let π 1 = π \ π u and π 2 = π u . Both π 1 and π 2 are runs of automata with n − 1 live states, hence there exists successful regular runs π ′ 1 and π ′ 2 of these automata. The desired run is π ′ 1 · s π ′ 2 .
Case 3 All live states appear in any subtree of π.
Let σ be a path in π in which all live states appear again and again. (why does σ exist?)
Then L contains only non-live states. 
